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Wavefunction

. we obtain 4 from Schrodinger's equation .
• Refer unit t notes Cpage 50)

D 4 must be single-valued ,
continuous

,
differentiable

"" "'

valid invalid
• probability (44*7 needs to be defined.

2) The derivatives of 4 should be single- valued , continuous

• 4 = A eickx
-wt)

• To get in terms of p and E

k--27--21-1'

w = 2nF -
-2Mt

he
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• therefore

,

y -- Aeilhlpx
-Et)

• 8¥→ p and#→ E

• o : 8¥ iff should dbte continuous

3) Finiteness condition

e y should be finite
• as x→ to , 4/-3 * but y-10

4) 4 should be normalisable

e- in definite boundary
, t

-D cavity

¥I chance of finding e-
o
'
-
- -

-
-

'

L in region o -L is 1

L

f 44'tda -4
O
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free e- in space Cl

-D)
a

f pD= I → normalisation

-A

1*4*4 day → particle exists

if 1/4*4 da -- o → particle does not exist

in 3-D space,

§
.

! ! 141 ' dxdydz -- I
• By normalising a wavefunction, we can find the amplitude
of the given wavefunction.

• If the Wf obeys all these properties , then theWf is said
to be a well-behaved wf.
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Ql . A particle is trapped in a ID box of width L .

Associated
wavefunction is

4 = A sinMzx

Normalise the wavefunction to find the constant

JLA sinEx) (A smithy) da -
- I

= AI f
-

f - cos221 ) du =/

x - fin2t
"

( ¥1
-

- ¥
O

↳Cagey -- ha

/a=r
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02. Normalise the given wf 4-- aeik
"

between the limits
and I to find the constanta.

g- aeikkyx.ae
-ik"

of
"

at da =/ ⇒ a2--1

/a (Amplitude is +red

probability Density 141
'

• wavefunctions can be added together , but their
probabilities cannot be added

• single particle double-slit experiment
a page 46 , unit 1 Si open Szopen Si Eeszopen

s , / Y' 42 4 , -142

Iii:
..

, '÷÷÷µ| pity,P Echr p -44kW
"
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• 4 = 4 , t Yz

• probability density = 1412

= 1144442--44-14444*+45)
= (145-1144't 4142*-114*41
= P, t Put 4,4# t 14*42
-

interference

° the extra term indicates that the wavefunction

undergoes interference .
a line any other waves, wavefunctions also undergo
interference

observables and operators
• in QM , operators indicated with hat CA)

Obervables
• measurable physical parameters
°

p , KE, PE

Operators
• to obtain observables

, operators on 4
• operator operates on y
• every physical parameter has an associated operator



Eigenvalues 7

Ky -- Ey
operator Teigenvalue

operator for observables

D momentum- f

Take 4 = Aetthcp
" -Et)

0¥ =
Aeilklp"-Et) p

operator
t.FI#--py ⇒ pay -- py

µ±T
2) kinetic energy - EE

KE --ps
2M

83¥ --if A eihilp
"-Et) pg
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0¥ -

- ¥4
Dividing by -2M

-82¥ lathi) =#4
-

- KEI Y

/⇐=-÷o÷
3) Total energy - it

9¥ = AeYa Ya
- EH fifty

-h÷ 0¥ = EY

f=÷o



q
4) Position

I --a

5) Potential energy
vial -- one)

Observable operator

momentum I --h÷%
kinetic energy KE -- Linda
total energy ti -- ted

i ot

Position I =x

Potential energy Tho) -- very
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Hamiltonian operator at )

. used to represent total energy
is y -- EY

I = EE t Vix)

/-÷¥=-yImf÷-
-

I
← 4'

03 . The eigenfunction of an operatorDI is ed? Find the
corresponding eigenvalue du

DI = A4
dat

die" = 4ed" = 44
¥

.

"

. A =4

eigenvalue - 4

04 . cheek whether the given function is a valid eigenvalue
function. The eigenfunction of an operator dad is sin be

G -- d
da

s Y = 8th3×0^4= dsig.sk = Hossa→ invalid eigenfunction .
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Expectation values

•

average value
• collection of identical particles ( identical 4)
• multiple attempts - average value
• Nt, no . of identical particles Game 4)

Position
• expectation value of p , position, KE , TE
• Nix , , Nzxz . - - Niki

Html to space
• Average value = NMI-INzxz-Nzxzti.TN#nNitNztNzt---tNn

I = Smi
ENi

• Ni d probability of finding particle between xi and xitdx
• Ii =PCx) da - PCH is probability density
Ntot

A

ex>= EffiIi = / Pac) dm x
-a
-

-
← will reducerweiauce→ Engine / Placid" to 1

to 1
-a
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1*4*4 dxx a

Go =
-

= 14*54 dx
A

14*4 du
-A

-D
-

/"Yf4*iy
Momentum

a

402 = 14*154 da
-a

kinetic Energy
a

CKE> = f y* IE y da
- a



B
Q5.Find the expectation value of position for a particle in the
ground state when it is trapped in an infinite potential
well of length L.

V--A
! V--o ! V--A

!•⑨1 4- EMEK

L L

Gcs = flutey da = fazxsinfiz)x da
O O

L L

=¥f foe ( i -cos2¥71 = If a -mosh#ok

° L O

=÷c÷i
.

-÷ ! .ae:÷h÷÷÷÷
du-- costing

= : -tin::÷+m÷÷⇒:



⇒ -÷tFq÷¥¥)
"

= L2

'"

o

"
mostapurgbabie

Qb : For same 4, find Cps FIMCID is not an eigenvalue

402=14*154 da = § fz sin g f FEMME) da

p -

-hi Ea

= !fz sins (the)h÷ %(fz smiting) da

-

- IIeh.io/h-ntlqcosnzdx



= Y÷ !
"

tin 2M£ du
'5

= ¥7 L- cos2¥): =h, f-cameoso)

407=0

since the particle moves back and forth , the average momentum
is 0

.

Time- Independent Schrodinger 's wave Equation in ID

conditions on wave Equation
Schrodinger's Approach

1- Must be consistent with deBroglie- Einstein relation
a Itp U -

-Eh
2. Must be consistent with conservation of energy

TrE - = KE tPE

3- should be linear in 441 ,t)

if 4, lait) and then ,t) are two different solutions for a

given system , then the linear combination of solutions is
also a solution

.

4 be it) = A 4 , Ca , t) t Byz Cx,t
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FEY= KEY t EE Uf
-

t.gg#---hIamgzKtUay4-hFd4ffitI----yIm04flguEItUcxs4Hit)
For a steady state system , as total energy is constant

,

instead of writing TE , we can just write E as the
total energy of the system is constant

.
Ceigenvalue)

ElfGut) = Lime d24 tUca, Quit)ON

4G , t) = Ae
ithCpsc - Et)

separation of Variables

46Gt) = Ae
ipyh e-

iEth
-

4th 1¥

4Gt it) = 461) to Ct)

substituting in equation
E YGD loft) = -hI d' 4640kt)

am¥
+ Ocn)Kx) lofty



Lim 024%1042 t CE-0*1 local lout --o
"

lout ( Imi 034%2 + 4cal CE-ooo)) -o
where toCt to

4 Ca) is independent of t ⇒ we can use total derivatives

. : fhImdY# t CE- Ven) 4cal --o
d

/d24st2hm4WCE-4a→
"
time-independents-D Schrodinger's wave equation

02464 + 21=4 Ca) (E-Uca,) -- O
( in 3-D

Schrodinger 's wave equation is used to find the wavefunction
4 where 4 has all the information .

Note : Dirac 's notation (Heisenberg's approach) is one more
method Cmatrix - eigenvectors)



Applications of SWE CID) 18

1) Free Particle - find 4
• does not experience any kind of external force
• F -- O = -date ⇒ Uca) -- constant

. Potential is = constant

• For mathematical simplicity, the constantpotential is
taken as 0 cats )

.
- Schrodinger 's wave Equation

* +Aff CE-Vcu) 4=0due

Uca, = o for free particle

d20
DTE

+ thnx EY
-
-o

take 2mn -- k
- k=pz ⇒ p÷=ht=2nfE

(Dkk') 4=0
Auxiliary equation

D2th" =O

D= tik
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= A sin kilt B unKK

gin O = e e
-ice

2T

if = A e
ik"
t Be

-ik"
co so = eiOte

2

eikn→ plane wave moving in ex

e
-ibn
→ plane wave along -n

the energy of a free particle is given by
2Mt = ka
W

E -- tik
-2M

-
-ps
2M

total energy = kinetic energy cue -- o)

since k values are not restricted
,
E values are also not

restricted
.

Therefore
, energy of a free particle is continuous , not

quantised
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parabola p free

particle

nautauaeueus
k-7

2) Potential step - find 4

Particle is placed in -x direction of tube . Tn this
region , particle experiences no force .(free particle ; U-- O)
It suddenly encounters a region of potential at x --o ..

Find 4 in region I andI for
D E> Vo
2) E C Vo

,
conducting , hollow tube

FED I

⇐yet
4h
I V °

HEITI
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Case I : E 7 Vo

XI=L ¥=h2mEFFENI
Regions
Uca, = V-- O
- Y,

Schrodinger wave Equation

d¥E t 2¥ ( E -Ucm) Ye -- od

dit t 2nf-Euf.IOdat

ki --2m_E
W

d2¥E + 4241=0d

4¥ Aei4
"
+ Be

-ikix

incident ( reflected
since there is a boundary at a-0 , Betke

"

is the
reflected part of the wave
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Uca, = V- Vo

d'Re
⇒
t 27hL (E -Vo) HE -- o

ki--2M¥ (E-Vo)

*QI
#
t Kiya -

-o

HI = ceikz
"
+ De

-ik"

- reflectiontransmitted CD should be =D

In region II , Ceik
"

is the transmitted part of the
wave and De-item is the reflected part .

As there is no boundary to reflect off of, we set D-0

.

-

- 4¥ = ceikz
"

→ Aeik," ceikax
→

Ann
←Be-

TO
-K ta
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Continuity condition/ Boundary condition

at 2=0
,

YI -- 4¥ and %± --00¥
27L

By using the boundary condition , we can find reflection and
transmission coefficient

YI -- Aei4" + Better

YEE Ce
ikzk

R-- reflected faux T
probability of reflection
-

incident flux

= 11312×4*2XV
,

T-- transmitted
incident flux

= lC12
I AKXV,
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condition I

VICO) - HII CO)

At B --C - d)

condition I

deff = ik
, Ae
'M"
- ik, Beitel

"

d

= ikzceika"
d

¥Ilo) = d%d da

k, A - kg B = kzc- (2)

To find R and -1

Eliminating C

ATB = kiA-h,B_
Kz

Akzt Bka -- Ake -Bk,

Blkztk ,) -

- Alki - ka)

the = krkzkitkz
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Eliminating B
B -- C-A

Ah, - cha -- K, B

Ake - Chu -- Chi - Ah,

C. (kitten) = Able,)

¥ -

- 2kg
Kittle

R -- 11312
⇒
=Ck2
(Kitkat

R --CHI
'

(kitted' k --211
a

2--1
T = 4k,

'
MV

TEW
"

he 211mV

ix.XIE =
-
- min

Kulm
v --tuk

M

T -4k€
(Kitkat
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Show that the sum of reflection and transmission
probabilities is equal to 1.

Rt T = I

= Ck , -ka)
'

t 4k, ka
-
-

(Kitkat (kitted'

=@i-k = I
@it kid -
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Case II : ELVo

E - - -- -

here , E=EEVo
I ④ but Vo >E

-K Kao u : Eq CO
X ,=L da =h_ which is not

ramen TEE) possible
classically

Region I
V=O

SWE : d2%e + IIE -V ) 42=0d tr

offs
dat

+ 27¥42 -- o

ki -- 2Mt
ht

(122+42)/4--0

|4z=AeikMtBe-i#-1
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Region I
V-- Vo

,
E (Vo

SWE : d2Y + 2%_ CE - Vo) HI --Odoes

¥e

KE -- 2mC¥o ( ki must be eve)

d24iI Hika) - YE -- O
dat

ites -- 4

DYE
q
t NYI -0

⑨th) IUE --O

ye = Cet
'd"
+Dfid"

4£ = Ce
-K" t Deka"
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since the wavefunction obtained has both an increasingand exponentially decaying part, we must check forfiniteness

Finiteness condition

HE -

- Ce
-K"
t Deka"

as k→ a
, ye → *

←
not allowed

The solution is to set D --O

-

HE = Ce-Kak-1
the wavefunction in region II is an exponentially
decaying function , not an oscillating function .

To find the reflection and transmission coefficients
,
we have

to apply continuity / boundary condition.

Boundary condition

4265-0 ) = YI Ge --O)

dude-07 =d4x=o)
da da



30

At B = C -7 d)

ik, A - i k, B - -kzc → a)

ill ,A - ik, B z -kz A -KLB

A ( kztik ,) = BC-ka ti k,)

Pfs = kztikl
-kztik ,

R -- I 131kV
,

tax
-

-

lkztikDC.hr#Ci-kztikDtku-ikDR=kz2tkY
-

kitki

R -- I

Rt T -- I ⇒ 7=0

• According to this, 1001. of incoming waves get reflected
and nothing gets transmitted .



⑤
"

assijbddenn.reu.im
(region III s,

Vo~t
-K RTO +2C

←ax→

• 2=0 is a region of -ve k- E. How can the wave exist

here and further penetrate?

• wavefunction penetrates but particle never actually found.
Frustrated Total Internal Reflection CFTIR)

^

&
classicallyegiforbiddenI

• ray 2 should not exist in the classically forbidden
region.
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Penetration Depth
• the wavefunction has a finite value and decays
exponentially in region I

• this function is significant until it decays to Ye
of the value at x --O

.

° the changes in this function become insignificant
at some distance DX

.

HII = Ce
-kzx

HI (Dx) = Le 4# Co)

Ce
-KD" =

EL C

e
-kzAN = e

-I

DN =L
Kz
-

DX = A|¥o2|
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• if Dt - to
-9 to 10

-"
s
, particle can gain and lose energy

Iexchange energy)

• DE Dt n tu

E

-

1-Dx-I

• finite probability of particle penetrating through that
region but cannot exist there.

• Penetration into the classically forbidden region is possible
because it exhibits wave nature .

g) potential Barrier
E L Vo

V-Vo

⑦ Ft
→ L V--0 ex

Region I
✓=O

SWE : ddi +¥CE -Vad 4. --o
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ddW +22¥ Ya --o

kid = 2Mt
te

d24¥
*

t 4241=0

Yz = A etki
"
+ Be

-Ekin

- -

incident reflected

regionI
E L Vo

ddYEI-tfnf-LE-vca.ly#--od2dYLI-2yhz-(Vo -E) YE --o

Kah -- Imf (Vo - E)

dye
*

- kite -o

dd¥ Kiku)'VE --o



d= Ikz 35

df¥ t a'VE --O

Ya -- Ce
""
t D e

-id"

HI -- ee
-kik +Dekay
! exponentially decaying
function cannot oscillate

ORCI
infinite

Region III
V-- O

SWE : dd24w t Zuma CE- Vad HII --O

dfI t 2ft HE -0

KE 2ME
3 th

d.24¥
*

+ 444*-0
°

✓
cannot reflect

4¥ a Ee
ik3" t Fe

-ites" (no boundary)
- force )transmitted



regionII : CFR E L Vo 36
V-Vo

⑤ ⑤
⑦T.FI
→

-x V-0 O L V--0 +x

Xi - Xz , k, ok, Cno energy lost /gained)

YI = Ae
Ik'"

+ Be
-ikik

HII = Ce
- Kan

YUI = Ee
ik3k

• If exchange of energy takes place in lots Cfemtoseconds)
,
the

particle gains enough energy to penetrate the region and
then loses the energy backto the field and emerges from the
barrier with the same energy it entered with , therefore not
losing or gaining any energy

• Particles are never found in region II; they are
sometimes detected in region HI

• this effect is known as Quantum tunneling
• If exchange of energy happens in the order of
Dt ~h¥ , tunneling effect is observed

DE . Dt n tu

• If the width of the barrier L C DX , particle can
tunnel

.



• seen in d- decay 37
Vo --22MeV

→ :'m.in
detected
-

outside with

U-238 8MeV

V-- 22MeV
or26

The wavefunctions obtained :

YI = Ae
Ik'"

+ Be
-ikik

HII -- Ce
-H"

(D--O)

YUI = Eeik3k
CF --O)

Boundary conditions

1) 2=0 2) N- L

4h10) = 4*107 HILL) =4# CD

dd4ta=d4t daily =d4U)
da dk dx
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T-- transmission coefficient

= tunneling probability
= transmitted
incident Hux

= IEtvz = IET Nkz/m
- -

CAIN, IAttn Klm
• solving forT, we get Cno working here)

T=e→
• the probability of transmission is more if ka or L is

small

• smaller ka implies smaller Vo - E .

• thus
, the particle will have higher transmission probability

through the barrier .
• If the width of the barrier is less than the penetration
depth Da , then there is a finite probability that the
particle is transmitted across the barrier.

• this process of transmission through a potential barrier
even when the energy of the particle is less than
the barrier potential is known as barrier tunneling or

quantum tunneling.
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07 . Electrons with energy 0.4eV are incident on a barrier of
height 3eV and width at nm.

Find probability of the
particle penetrating the barrier.

T= e
-2hL

kz=2MeCVo-ET
-

K

ka --2x9.li/O-3lC2.6xo#C2n)
(6-626×10-34)

= 8.25×109 m-t

y = e
-2hL

= e

-2×8-25×10/9×0. 1×10-91
= 0.192 = 19.2%

08 . A current beam 10pA (of identical e-) is incident on
a barrier of height 5eV , I nm wide. Find the
transmitted current strength if the energy of the e

-

is
4.9 eV

*note c. check KE

TEL "
- = 1.618 X 109



T-- e
-2kt

= 3.qzy.
40

r current strength-- 0.393pA
09 . A particle with energy 5N encounters a potential
step of height Sev . find the reflection and transmission

probabilities .

T.ge#R--lkiIhTl
'

ki --REE ka
k

2

(kited -- aunt ( re -Evo)
'

2

(kitted! 2¥ (RE tEY2

R-- CRE -EFF)
'

2E

¥E⇒
=-Vo-2rEf

QE-Vo -12AEvo

= 10-3-255522 = 7-212 = 0.05
10-3-12Era 7-12%

o
'
. T = 0.95
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Oslo . A bunch of particles E -- O-Zev impinges on a pot - step
of height of eV .

What is probability of trans q ret.

F-0
,
R=/

Qu - Estimate the penetration distance Da for a
small dust particle of radius to-6 m and density
104 kg m

-3
moving at a very slow velocity r-- to-2ms}

if the particle impinges on a potential step of height
equal to twice its kinetic energy in the region to the
left of the step.

M -- (1041/431710-18) ⇒ KE =L hztix 1514×10-4

KE -- 6.67×10-197 = E
Vo = I- 33×10-1817
DX =k_ = 2.52×10-19M
amatol

Applications of Barrier tunneling
1 . Inversion of ammonia
2. Scanning tunneling microscope LSTM)
3. Tunnel diodes
4- Alpha decay .
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tDecay
• Disintegration of heavy nuclei
• apt 2n→ He 4

• Below 9.1 fermi
,
nuclear force dominates over electrostatic

force C-ve potential)
• Grama suggested that at r-- 9.1 fermi, it is like a barrier
potential of 26.4 MeV.

q vxyr
26 MeV " ? e .

J
O r÷iEam.
#

•
a

°

8 s

①

o
°

o

°
.

"

Po 212

30 -

Uo
w -

, repulsive
force

to ¥µµ L --8MW

#
attractive ) co so so to

force Cr) fermi-7
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• For Po -212 nuclei , a particle found with energy 8 MeV
• Has to cross barrier of 2bMeV
• only way it can be explained : Barrier tunnelling
• a- particle tunnels through the barrier because it is
associated with a wave

Transmission Probability
-2kt

T = e

tunnelling rate is sensitive to small changes in energy and
size of the nucleus.

Taking a particle to be in a state of constant motion
with a very high KE, the frequency of approach to the
nuclear surface can be estimated to be the diameterof
the nucleus divided by the velocity of the particles .

This frequency , when multiplied by the transmission

coefficient gives us the probability that an x particle
is emitted out of the nucleus

.

the inverse of this probability gives the mean lifetime
for a- decay of the radioactive nucleus.
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u) Particle in a ID infinite potential well

l l

V--a l l V=
I

y
l

4=0e--

I * I
¥42

conditions on y

y --o at a E-4/2
y --o at a2 42

SWE

%f_ t Im CEI y to

H2

K2 = 2M E
F

d.24
q
t Hy -

-o

y = Cei
kN
+ D e-

ikx

acctD) cos text (C-D) i suis ka

4=AueskntBsinT



Boundary conditions us

4--0 at 2=-42

D= A costly -Brinkley → y)

y-0 at me 42

o -- Auerstedt Bsinuz→ G)

adding handed

Lacoste = o ⇒ costed -0 or A-0

k£ =@not)¥
k= In.-Dth

subtracting Cs) from a)

QB sinks -o ⇒ shiny -- O or 13--0

kda -
- not

b-2n
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If A -0

,
fin k£ -0

4=13 sirs KK

4 = B sirs Canty)x → 27--2, 4,6 . . . = n

If B -0 , Costel to

y = A cortex

4 = A cos (2not# a → 2nd = I,3,5 . - -

= n

t.it#.::ii:i4--Acosn1Ix
a 13--0

n -- l
,3,5, 7 . - .

Y -- B Em n§x , A--O
n = 2, 4,6 , f - - .



Normalising the wavefunctions to find A and B 47

42

f 4*4 dx -
- I

-42

To find A

,÷"A'cosYnet)x da ,
n -- 43,5 - - -

42

AI f It cos22117C =/

-42

AI ( x t his221k
42

I
-ya

AIL -- I ⇒ A=p
To find B

42

I 1412du -- I
-42
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.

B' simmer) da al

BI
.

'

( i - cos 2M¥) dm =L

42

BI ( n - sinante -

- IIn
BAIL = I

B=
Therefore

,
the eigenfunction) wavefunction of particle

trapped in a box is given by

4 =! cos hiya , n -- 1,3 ,s- -

y =! tin htt K , n -- 2,4 , 6 - - .
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Energy Eigenvalue

W=2mµ h=N
n÷X=am÷ ant

E=nfmh
If n --o

, k
-

-O Eg E=0 and particle does not exist

i. n =L , 2,3 . . .

Particle in an infinite box → quant 'sed energy states

since k values are restricted
,
E values are also restricted

and therefore energy is granted .

Any kind of confinement localisation of particle leads
to quantisation.
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Show that the deBroglie waves inside the well are
actually standing wave packets .

K--ht ,
n =L,2,3 - - .

21¥ -

- htt

L=n✓ standing waves

Graphically represent the wavefunction and the corresponding
probability density

VEH
,
rap
,
varying with t

45-FZ cos31L" n -- z UGH -- Vla)

%-
-Erm#x €'¥ ; symmetric

inYi --FE cosine t- I --t
-42 0 42

↳ nay
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Vfx)
,
Vca)

Wh n--4
""

Find they and the corresponding eigenvalue for a
particle in an infinite box if the origin is shifted to
the corner. l l

l l

4=0 4 4=0

v-- a " a- a

Boundary condition
O L

Cl) at REO , if = O
② at RZL, 4=0

SWE : dfjf-2.my 4=0
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We 2ME
F

dy
dat
t my =o

y -Acreswet B sinks

At k=0
A-0

4=13 sin kx

At a=L

4-- B Sin KL =D

sin ht --o (B -40 as particle needs to exist)
KL--ntl

k-- nth → standing waves

Normalised

1441-da -- I

f
-
Basin'ka -- I



BI f
"

t-cos2ha dm =/
53

B=
ycx) -- fz sin (ng n)

Energy Eigenvalue
kt=2mE
W

MII -- 2mhI_ 4TH

E=hjn
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4) Particle in a 213 box

Find 4 and the corresponding eigenvalue for a
particle trapped in a LD infinite potential box .

I
' t

c
'

.

i i
l l
l

'

| 1%
,

/ V --A (outside,

a

C x,
O) ( Lx ,Ly)

a

SWE :

FYI togged tags CE-Vo> yard -
- o

separating the variables

y= Ae
-i Ck" they -wt

lucky) -- you> ply)
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E-fkn 4197) today(4cal 497)t2fCE-Vo)Yas yup--o

4193 d2d4as t 4cm d¥E# tofu-Vo) 4cmYup
-
-o

Dividing by 4ly) YGD

¥, dIY t¥gd2dY# Taffy CE-Vo)
-
- o

Inside the 213 well
, Vo

-

-o (free)
outside , Vo =

⇒DILI +¥ diff taI -- o
ht =2mE_-d)
t-

¥DIET +¥ diffuse = -w
- ku
'

=µ↳ etc → e)
dat

-kg
'

-4¥ d4 → ③
dy-



knit ky2=k2
56

e) d24Ca)
dy

t ka
-

Yin)=o

YIN -- A- coskxnt Bsinknk

CD dryly)
Xyz

they
-

Olly) -- o

lucy)= ccoskgytbshskyy

Boundary conditions

for neo
, 4cm -0

for NZ Lx , y Ca) -0

for y Eo , lucy)
-
-O

for y Ely , lucy) -0

Niro
, 4th)

-

- A -- O

4174 :B sin Kak
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n--Lx , 464 -- Bsinkx La = 0

Bto (particle will not exist)
sin kn la --O

ka la = 717

ka=i
y =0 , yly) = C =o

4cg) = Dinky y

y = Ly , Yly) = Doin ky Ly -0
D to ⇒ sin ky Ly --o

ky=n
we -- ka
'

they
'
= th (Nj tyg)
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Normalisation

4ha : {
"

Halide -

- I

1.
"'
B'nisi:# 'e) dat

Bg !
"
'- costanza)da=t

13422=1

B=f
yay) :

ojhycyfdy-IJYDsinynynyyjdy-IDIJYI-cosaz.gg)dy -4

D=fE①
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yen --tf sin (niff x)

yup -- peg sins (n¥ y)

Energy Eigenvalue

W=2rf = tiny t¥)
2ME 4th⇐* heatn⇒
E --ICNET.tn#a)8M

if Lx --Ly =L

E --gtimcnatny)
complete 4

4h49' -- fan sin cnn.cc#k)fEyrmlnqnf)



5) Particle in a 3D box 60

I
"

/ Lz V=A Coutside)

y

÷
SWE : 024cm ,yr) -121 Elf lay,z) -- o

K2

separating the variables
yea ,yid -- 4144193412)

4474670¥94 -146446)dfuy# +464419721421du
+ 4124419741272Mt =D

Dividing by 4644cg> pas
te

⇒ dLY# t DIYA -1¥, diff tame -
-o

t-
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he = 2Mt

he

y÷ d2dY =
-k's → a ,

* diff = - kg
'
→ e,

¥ dd4 =
-ki→ as)

W -
-Kal they t ki

d) d246)
day

t ka
'

QCx) = o

464 = A sin Kun t B ioskaa

(2) dryly)
q

t kg
'

4 ly) --o

yly) = Chis kg y t D costly y

④ dryth
dat

t KE 4G) so

4(2) = E his kzz t F coskz2
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Boundary conditions

d) NEO
, 464=0

⑦ NZ Lx , 4174=0
③ y EO , lucy) -0
④ y z ly , lucy) - o

(5) ZEO
, 4127=0

(6) 2222 , 461=0

N--0
, 41K) = B = O

K-- La , 46L) = A sin kxlx = 0

Ato ⇒ ka -- nett
La

y --O, 4cg) = D=O

y - ly , fly) = csimkyly = 0
c-to ⇒ kg --Lyn

Ly
2=0
, YC2) = F = O

2-Lz , 412) = E 8in kzlz -- O

Eto ⇒ kz -- that
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qtr) -- Asim )
yup -- c sin (nip)
you = Eoin (ni)

Normalisation

4th : µycny2dk -4

[" A's-mYni a) du -

- I

AI f
"
'- cosfniingda.cl

A -_fIbe
similarly,

G-F
Ly

E --JILz
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Energy Eigenvalue

W -- kk t kg
'

t ki

am -

- n' ln÷. tn¥
-' II)

8m- -

- (n÷. + IF tn÷)
E =#(II. t7¥ 'II)

if Lu -- ly = Lz = L

E -- ht ( na
w

Z
t ng
'
e ni)

complete y

yGuy ,2) if im finna) fzg sinfnytyy)E sin (nth)
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DEGENERACYEeN0N-DEGENERA#
65

e ID states are non - degenerate
• In a square plane CZD), Charly-- L)

E -- CmEtny7h8mh
° In a cube GD)

, Closely -- Lz-- L)
E =@aftny4nz)

frm L2

n 2

- degenerate¥¥t.
"

:*
.
.¥
./ n

: :
U
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phase space n

,

energy of all States
in sphere of radius R

""¥€ ⇐ELIA
EFFIE' n

, ,
?41,17 Y where R2-- naftnytnz

h
7L

For a set of quantum numbers na , ny and nz , if the
energy of those States remains the same and their
wavefunctions are different, then such States are called

degenerate States .

If one of the quantum numbers is different
,
we have

triple degeneracy
eg : 4,2 ,D , C 2, 1,17, C 1,112)

If all the quantum numbers are different
,
we

have sixfold degeneracy Cs ! )

eg : Cl , 2,37 , C l,3,27, 141,37, C2,3 , D, (3/1,2) , 13,2, D



"±" ÷÷÷÷÷
" "

p l

l l

l l
'

n--2464 -
- FE sin (213x)a:¥¥mi¥ !

even parity n=, 4cm -- feces#x)csymmetric) -x x

• Parity is exhibited by potentials only if they are symmetric
Eg : square well potential
if Vfx) = Vcu)

• If the origin is at the corner, 4 does not exhibit parity
• For n -- I , 4 , C-x) = 4 , la) - even parity
Ceos functions show even parity)

• For n-- 2
, 42C-x) = -4in)- odd parity

• Alternating even and odd parities in symmetric
potential wells .
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ORTHOGONALITY PROPERTY OF WAVEFUNCTIONS

Two wavefunctions Ulm and yn , Mtn are
said to be orthogonal if

-

f%m*4ndkIf%*4mdx -- 0
If m=n , Ym -- yn -- 4 and the integral gives us
the normalisation condition

012. If 4, = A Cosa and 42=13 sink, check whether the
given wavefunctions are orthogonal in the interval -0 ton

[ AwsKBsink da
--ALI Jo
"
sin 2xdx -ALI f-waste]? = 0

the two wavefunctions are orthogonal .
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6) Particle in a ID- finite Potential well
V--Vo l V--Vo CE Lvo)

FEE
/ V
-
-O

-42 0 42

Region I
✓TO

SWE : dd2⇒zt2¥E 41=0
his

2mE-hd2#
t 424, -0

dat

YI-- Ae
ith"
+ Be

-ikik

4h -- A coskik t Bsinkix

Region I

E L Vo
SWE :

d2¥¥ t Lif ( E-Vo) Ye -- O

ki = Life (Vo
-E)
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d-- ihr

DYUII
*

t d
' HII -- O

HII = Ce
-id"

+ be
idk

region #
"I tgo.ee!:

E LVO

d2dYL t 2ft LE -Vo) Q# -- O

kz2=2hf→ (Vo -E)

d4hI
dug

- k54uI --o

G = ills

dI¥¥- TBH# --o

HII = Ee
-if"

+ FeiBu

Yiu = Ee
-↳"tFe→ goes to a
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HI = Aeikik +Be

-ik'"
- parity (symmetry)

• oscillating wave moving back and forth
Finiteness condition

as x→ - D
, 4# → o

.

'

. C-- O

4# =D e
th"
- exponentially decaying

as a→ a,

i

'

. FtO

4# = Ee
-b"
- exponentially decaying

the probability density of finding the particle at
the walls is not zero.

There is a finite probability of finding the particle
beyond the walls of the well.
The wavefunction penetrates the walls of the box,
losing energy in the process.



Graphical representation of wavefunction and
"

corresponding probability density for a particle
in a finite potential box .

- -

n
" LI

-42
"

o 42

rn

im #
-42 to 42

Energy levels are lowered as wavefunction penetrates the
walls .

41427 to
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Comparison between infinite and finite potential well ,
infinite finite

l l

Qi
l

l

n n
-42 0 42 La O Fx

E-- n'h2 Dx=L E -- n2h2
-

-

8Mt Kz 8M (Lt2ND
"

Particle has more energy in infinite potential well than in
a finite potential well



QUANTUMHARM0Nk0SULLAT
74

Classical oscillator
DX

Is k

spring- mass system mm/?
No

Restoring force tries to bring displaced mass to its

equilibrium position

Quantum oscillators
M,

Mr

Diatomic molecule 0mm

constantsolids
motion

④④⑦ cribration)

In any oscillator, a restoring force is present where Fxx

For quantum harmonic oscillators , we approximate the
force using Hooke's Law (for small displacements)
(vibrational spectroscopy)

Application: IR spectroscopy
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F = -KK = ma

Forsaysifefnassical ( da¥ than -

- o

wa--kg ⇒ w-- fam
a-Acreswt

For a quantum system
F = -ku =-dU°

du

U-- at how

To find 4 , we write SWE

dat t 2nF ( E -U ) y -- o

For a diatomic molecule , we use reduced massµ

µ=MM2_ g w
2 =k→

Ml tMz M

days Taffy CE-U) 4=0



-

U--Lak.at =zlwjux
' (Hooke's Law)

H -

dye t 2M¥ ( E
-IMwht) 4=0dat

solution

4-- Nn Hn (g) EEE

where Eg -- the , r
-
- JEM , Nn =F-2" n !RT

Hn leg)→ Hermite Polynomial

Eigenvalue
En = (ntf) tr w

En= (nth) hu n-- o
, 1,2 - - .

At n -- o
, Eo -- zhu ¥0 ,

i - e . the particle possesses energy
the particle has nonzero energy at n--o , called Zero
Point Energy

therefore
, vibration always occurs and particle is

never at rest
.
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Energy level Diagram

E
.

U-21k¥
n--4← 9kW

÷
. . ii:
n-- f - 312W

Thu .

n--O - Yzhv
-

x

Au vibrational energy States are equally spaced

Difference between IFW and QHO

I

n=3 - qEo n-- 4 ¥9 Eo

|5Eo n=3 ¥7 Eon=z£¥e. Iii #ie:
n-- I - Eo n--O - Eo

E-- h = n2Eo E-- Cn-11127kW =@ntl) Eo
8MW
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013 . What is the minimum energy of an electron trapped in

a TD region of an atomic nucleus? The width of the
nucleus is L-- lo-14M Cm--9-1×10-3' leg)

E = n2h2
-

Gmt

Ei =ht = 6-03×10
-"
J = 3.77 GeV

GML2

Qiu- A particle is in an IPW of width a. Find the prob .
of finding the particle between 43 and
the ground and third excited state

243 in

↳ y -- pas sin (nada)

D n -- I , Y -- Fifths)

P-a-%b2-asinynaxfdx-afq.at- cos@n# da
-

- at ( x - sa@n⇒
""

Jats
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'area. - ' I
-atfaztaanfsin#Itsink))
-

- (ftp.crz-irzy
= Iz t Isn = 0.609 = 60.940


